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Abstract
We introduce a technical property (P) and use it to show that every M3-space with (P) is an M1-
space whose every closed subset has a closure-preserving open neighborhood base. We show that
every k-M3-space has property (P) and is, therefore, an M1-space. Ó 2000 Elsevier Science B.V. All
rights reserved.
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1. Introduction
In this paper we use a new technical property to prove that any M3-space that is a k-
space must be M1. Recall that the classes of M1, M2, and M3-spaces were introduced
and studied by Ceder in [3] and that, in the later paper [1], Borges studied M3-spaces,
re-naming them “stratifiable spaces”. It was always clear that M1 ⇒ M2 ⇒ M3, and a
classical problem asked which of those implications could be reversed. The best result to
date is due to Gruenhage [4] and Junnila [8] independently who proved that M3 =M2.
Whether M3 ⇒ M1 is still open.
The purpose of this paper is to show that certain large classes of M3-spaces are M1. To
do that we introduce a technical property called property (P) (defined in Definition 8 of
Section 2) and show
(A) every M3-space that is a k-space must have property (P) (Theorem 16);
(B) every M3-space with property (P) is M1 and has the additional property that each
of its closed subsets has a closure preserving open base (Theorem 15).
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Together with other known results, this gives
Nagata
space
- Fréchet
M3-space
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?
M3-space with
property (P)-
[7]
hereditarily M1-space
(Recall that a Nagata space is a first-countable M3-space and recall the equivalence of
being sequential and being k among M3-spaces because of [5, Theorem 2.13].)
For general information and general properties of M3-spaces, see Gruenhage’s survey
paper [5]. Since, as noted above, M3 = M2, we will use the fact that every M3-space
has both a stratification and a σ -closure-preserving quasi-base. We denote by N the set
of natural numbers. For a space X, let τ (X) denote the topology of X. For a subset A
of X, let IntA, A−, ∂A denote the interior, closure, boundary of A in X, respectively.
A familyW of subsets of X is called a (closed, open) neighborhood base of A in X ifW
consists of (closed, open, respectively) neighborhoods of A in X and if A ⊂ U ∈ τ (X),
then A ⊂ W ⊂ U for some W ∈W . For brevity, let “CP” stand for the term “closure-
preserving”.
2. Facts and lemmas
We state the well-known properties of M3-spaces or stratifiable spaces:
Fact 1 [3, Lemma 7.3]. Each closed subset of an M3-space X has a CP closed
neighborhood base in X.
Fact 2 [5, Theorem 5.16]. A space X has a monotonical normality operator D which
assigns an open subset D(H,K) to each pair (H,K) of disjoint closed subsets of X such
that
(i) H ⊂D(H,K)⊂D(H,K)− ⊂X\K;
(ii) if H ⊂H ′ and K ′ ⊂K , then D(H,K)⊂D(H ′,K ′).
Fact 3. A space X is an M3-space if and only if there exists a stratification S : {closed
subsets of X} ×N→ τ (X) satisfying the following:
(i) For each closed subset F of X,
F =
⋂{
S(F,n): n ∈N}=⋂{S(F,n)−: n ∈N};
(ii) if F , F ′ are closed in X and F ⊂ F ′, then S(F,n)⊂ S(F ′, n) for each n;
(iii) for each n and each F ,
S(F,n+ 1)− ⊂ S(F,n).
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(Originally, the term stratification is used for S with (i) and (ii), but one with (i)–(iii)
follows by a slight change.)
Fact 4 (Essentially in [9]). Let B be a CP family of closed subsets of an M3-spaceX. Then
there exists a pair 〈F ,V〉 of families of subsets of X satisfying the following:
(i) F is a star-finite, σ -discrete closed cover of X such that if F ∈F and B ∈ B, then
B ∩ F 6= ∅ if and only if F ⊂ B;
(ii) V = {V (F): F ∈ F} is a point-finite, σ -discrete open cover of X such that
F ⊂ V (F) for each F ∈ F and such that if F ∩ B = ∅, F ∈ F , B ∈ B, then
V (F)∩B = ∅.
Since our proof of Theorem 15 depends on the construction of 〈F ,V〉, we sketch it
roughly: Let P = {P(δ): δ ∈ ∆} be the partition of X by B′ = B ∪ {X}, that is, for each
δ ∈∆,
P(δ)=
⋂
B(δ)∖⋃(B′\B(δ)),
where B(δ)⊂ B′. For each n ∈N, let
F(δ,n)= P(δ)∩ (S(T (δ), n− 1)−\S(T (δ), n)),
where T (δ) = ⋃(B′\B(δ)) and S(·,0) = X. Then it is easy to check that F(n) =
{F(δ,n): δ ∈ ∆} is a discrete family of closed subsets of X and F =⋃{F(n): n ∈ N}
is star-finite. Since X is paracompact, there exists a discrete open expansion
V(n)= {V (δ,n): δ ∈∆}, n ∈N,
of F(n) such that
F(δ,n)⊂ V (δ,n)⊂ S(F(δ,n), n)∩ (S(T (δ), n− 2)\S(T (δ), n+ 1)−)
for each δ ∈∆, n ∈N, where S(·,−1)=X. Then it is easy to see that V =⋃{V(n): n ∈N}
is the required one. 2
We call F the tile on B in X and V the frill of F in X.
Fact 5 [6]. Let B be a CP family of closed subsets of an M3-space X. Then there exists a
σ -closed-discrete subset D of X such that for each B ∈ B, B = (D ∩B)−, where we call
D a σ -closed-discrete subset ofX if D =⋃{Dn: n ∈N} with eachDn discrete and closed
in X.
Lemma 6. Let M be a closed subset of an M3-space X. Then there exists a mapping
T : τ (X)→ τ (X) satisfying the following:
(i) For each O ∈ τ (X), T (O)∩M =O ∩M and
T (O)− ∩ (X\M)⊂O;
(ii) if O1,O2 ∈ τ (X) and O1 ⊂O2, then T (O1)⊂ T (O2).
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Proof. Let D and S be the monotonical normality operator and the stratification of X,
respectively. For each O ∈ τ (X), define
T (O)=
⋃{
D
(
M\S(X\O,n),X\(O ∩ S(M,n))): n ∈N}.
Then it is easy to see that {T (O): O ∈ τ (X)} satisfies the conditions (i) and (ii). 2
We call T the L1-operator with respect to M in X.
Lemma 7. Let M be a closed subset of an M3-space X. Let B be a CP family of closed
subsets of X. Then there exists a collection {W(B): B ∈ B} of families of X satisfying the
following:
(i) ⋃{W(B): B ∈ B} is a CP family of closed subsets of X;
(ii) for each B ∈ B,W(B)|M = {B ∩M} andW(B)|(X\M) is a closed neighborhood
base of B ∩ (X\M) in X\M .
Proof. Apply Fact 4 to the CP family B∪{M} to find F ′, the tile on B∪{M}, and consider
the subfamily defined by
F = {F ∈F ′: F ∩M = ∅}.
Note that F is written as F =⋃{F(n): n ∈ N}, where each F(n) is a discrete family
of closed subsets of X. Let {V (F): F ∈ F ′} be the frill of F ′ in X such that for each
F ∈F(n), n ∈N,
F ⊂ V (F)⊂ S(F,n).
By Fact 1, there exists a CP closed neighborhood base B(F ) of F in X such that⋃B(F )⊂ V (F). To constructW(B), B ∈ B, let
F(B)= {F ∈F : F ⊂ B}
and
∆(B)=
{
δ = 〈B(F)〉 ∈
∏{B(F ): F ∈F(B)}: W(δ)=⋃{B(F): F ∈F(B)}
is a neighborhood of B ∩ (X\M) in X\M andW(δ) ∩ T (X\B)− = ∅
}
,
where T is the L1-operator with respect to M in X. If we define
W(B)= {B ∩W(δ): δ ∈∆(B)}, B ∈ B,
then it is easy to see that {W(B): B ∈W} has the required properties. 2
We call {W(B): B ∈ B} the L2-extension of B in X.
We introduce property (P) as follows:
Definition 8. A space X has property (P) if every U ∈ τ (X) satisfies the following
condition:
(∗) If p ∈ ∂U , then there exists a CP family G of closed subsets of U− such that for
eachG ∈ G, (G∩U)− =G and if p ∈O ∈ τ (X), then p ∈G⊂O for someG ∈ G.
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Lemma 9. Let O ∈ τ (Y ), X = O− and M = ∂O , where Y is an M3-space with
property (P). Let B be a CP family of closed subsets of M . Then there exists a collection
{W(B): B ∈ B} of families of closed subsets of the subspace X satisfying the following:
(i) ⋃{W(B): B ∈ B} is CP in X;
(ii) for each W ∈W(B), B ∈ B,
(IntW)− ∩M =W ∩M;
(iii) if B ⊂U ∈ τ (X), then there exists W ∈W(B) such that B ⊂W ⊂U .
Proof. By Fact 5, there exists a σ -closed-discrete subsetD ofM such that for each B ∈ B,
(D ∩B)− = B . Let D =⋃{Dn: n ∈ N}, where each Dn is discrete and closed in M . For
each n, we take a discrete family {V (p): p ∈Dn} of open subsets of X such that p ∈ V (p)
for each p ∈Dn. By property (P), for each p ∈D, there exists a CP family G(p) of closed
subsets of X satisfying the following:⋃
G(p)⊂ S({p}, n) ∩ V (p) for each p ∈Dn, n ∈N; (1)
for each G ∈ G(p), (G\M)− =G and
if p ∈O ∈ τ (X), then there existsG ∈ G(p) such that p ∈G⊂O. (2)
For each B ∈ B, defineW ′(B) as follows:
Let
∆(B)=
∏{G(p): p ∈D ∩B}
and for each δ = 〈G(p)〉 ∈∆(B), let
G(δ)=
⋃{
G(p): p ∈D ∩B}.
Define
W ′(B)= {B ∪G(δ): δ ∈∆(B)}.
Then from (1) and (2) it is easily seen that {W ′(B): B ∈ B} has the following properties:
W ′ =
⋃{W ′(B): B ∈ B} is a CP family of closed subsets of X; (3)
for each W ∈W ′(B), (W\M)− =W ; (4)
if B ⊂U ∈ τ (X) and B ∈ B,
then there existsW ∈W ′(B) such that B ⊂W ⊂U. (5)
By Lemma 7, we can take the L2-extension {W ′′(W ′): W ′ ∈W ′} of W ′ in X. For each
B ∈ B, we defineW(B) as follows:
W(B)=
⋃{W ′′(W ′): W ′ ∈W ′(B)}.
Then it is easy from (3)–(5) to see that {W(B): B ∈ B} has the required properties. 2
We call {W(B): B ∈ B} the L3-extension of B to X in Y .
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Lemma 10. Let M be a closed subset of an M3-space X with property (P) such thatX\M
is dense in X. Let B be a CP family of closed subsets of X. Then there exists a collection
{W(B): B ∈ B} of families of closed subsets of X satisfying the following:
(i) W =⋃{W(B): B ∈ B} is CP in X;
(ii) for each, W ∈W ,
(IntW)− ∩M =W ∩M;
(iii) if B ⊂U ∈ τ (X) and B ∈ B, then B ⊂W ⊂U for some W ∈W(B).
Proof. Let {W ′(B ∩M): B ∈ B} be the L3-extension of B|M to X in X. For each B ∈ B,
let
W(B)= {B ∪W : W ∈W ′(B ∩M)}.
Then it is easy to see that {W(B): B ∈ B} has the required properties. 2
We call {W(B): B ∈ B} the L4-extension of B in X with respect to M .
Lemma 11. Let M and X1 be closed subsets of an M3-space X with property (P) such
that X1 ⊂M and M\X1 ⊂ (X\M)−. Let B be a CP family of closed subsets of X. Then
there exists a collection {W(B): B ∈ B} of families of closed subsets of X satisfying the
following:
(i) ⋃{W(B): B ∈ B} is CP in X;
(ii) for each B ∈ B and each W ∈W(B), W ∩X1 = B ∩X1 and
(IntW)− ∩ (M\X1)=W ∩ (M\X1);
(iii) if B\X1 ⊂O ∈ τ (X), B ∈ B, then there exists W ∈W(B) such that B ⊂W and
W\X1 ⊂O .
Proof. First we observe that property (P) is hereditary with respect to open subspaces and
we recall that M3-spaces are hereditary. Thus we can apply Lemma 10 to the open subspace
X\X1. There exists the L4-extension {W ′(B ∩ (X\X1)): B ∈ B} of B|(X\X1) in X\X1
with respect to M\X1. For each B ∈ B, we defineW(B) as follows:
W(B)= {B ∪W : W ∈W ′(B ∩ (X\X1)) andW ∩ T (X\B)− = ∅},
where T is the L1-operator with respect toX1 inX. Then it is easy to see that {W(B): B ∈
W} satisfies all conditions (i)–(iii). 2
We call {W(B): B ∈ B} the L5-extension of B in X with respect to {M,X1}.
Lemma 12. Let {X(n): n ∈ N} be a disjoint cover of an M3-space X with property (P)
satisfying the following:
For each n,
(a) ⋃{X(t): t 6 n} is closed in X;
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(b) X(n)⊂ (⋃{X(t): t > n})−.
(From here, for brevity we call such {X(n)} the special partition of X.)
Let B be a CP family of closed subsets of X. Then there exists a collection {W(B): B ∈ B}
of families of X satisfying the following:
(i) ⋃{W(B): B ∈ B} is a CP family of regular closed subsets of X;
(ii) if B ⊂ U ∈ τ (X) and B ∈ B, then there exists W ∈W(B) such that B ⊂ IntW ⊂
W ⊂U .
Proof. By Lemma 7 with M = ∅, there exists a collection {W(B;1): B ∈ B} of families
of X satisfying the following:
W(1)=
⋃{W(B;1): B ∈ B} is a CP family of closed subsets of X and
for each B ∈ B,W(B;1) is a closed neighborhood base of B in X. (1)
By Lemma 10, there exists the L4-extension {W(W1;2): W1 ∈W(1)} ofW(1) in X with
respect to X(1), which satisfies the following:
W(2)=
⋃{W(W1;2): W1 ∈W(1)} is a CP family of closed subsets of X; (2)
for each W2 ∈W(2), (IntW2)− ∩X(1)=W2 ∩X(1); (3)
if W1 ⊂U ∈ τ (X) and W1 ∈W(1),
then there exists W2 ∈W(W1;2) such that W1 ⊂W2 ⊂U. (4)
Let T1 be the L1-operator with respect to X(1) in X and construct the family
T (1)= {T1(X\M): W ∈W(2)}.
Assume that we have constructed families
W(n)=
⋃{W(W ;n): W ∈W(n− 1)},
T (n− 1)= {Tn−1(X\W): W ∈W(n)},
where Tn−1 is the L1-operator with respect to
⋃{X(t): t 6 n − 1} in X. We apply
Lemma 11 to the case
M =
⋃{
X(t): t 6 n
}
, X1 =
⋃{
X(t): t 6 n− 1}
and B =W(n) in X. Thus there exists the L5-extension {W(W ;n+ 1): W ∈W(n)} of
W(n) in X with respect to {M,X1} replaced with the above, which satisfies the following:
W(n+ 1)=
⋃{W(W ;n+ 1): W ∈W(n)}
is a CP family of closed subsets of X; (5)
for each W2 ∈W(W1;n+ 1) and W1 ∈W(n),
(IntW2)− ∩X(n)=X2 ∩X(n) and
W2 ∩
(⋃{
X(t): t 6 n− 1})=W1 ∩ (⋃{X(t): t 6 n− 1}); (6)
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if W1\X1 ⊂O ∈ τ (X) and W1 ∈W(n), then there exists
W2 ∈W(W1;n+ 1) such that W1 ⊂W2 and W2\X1 ⊂O. (7)
By Lemma 6, we take the family
T (n)= {Tn(X\W): W ∈W(n+ 1)},
where Tn is the L1-operator with respect to
⋃{X(t): t 6 n} inX. With these preliminaries,
we construct the final families {W(B): B ∈ B} as follows: Let B ∈ B be fixed. Let ∆(B)
be the totality of
δ = 〈W(n)〉 ∈∏{W(n): n ∈N}
satisfying the following two conditions:
W(1) ∈W(B;1) and W(n+ 1) ∈W(W(n);n+ 1) for each n; (8)
W(n+ 2)∩
(⋃{
Ti(X\W(i + 1))−: i 6 n
})
∩
(⋃{
X(t): t > n+ 1})= ∅, for each n. (9)
For each δ = 〈W(n)〉 ∈∆(B), let W(δ) =⋃{W(n): n ∈ N} and let W(B)= {W(δ): δ ∈
∆(B)}. Then we show thatW(B) has the following property:
Each W(δ) ∈W(B) is regular closed in X and a neighborhood of B in X. (10)
To see that W(δ) is closed in X, let p ∈ (X\W(δ)) ∩ X(n); then p ∈ Tn(X\W(n + 1))
which is an open subset of X missing W(δ) from (9). On the other hand, by (3), (6) and
the definition of W(δ) we easily have
W(δ)=
(⋃{
IntW(n): n ∈N})−.
Since W(1) ⊂ W(δ) and by (1) W(1) is a neighborhood of B in X, W(δ) is also a
neighborhood of B in X. This shows (10).
By the similar way to the above, the following is easy to see:⋃{W(B): B ∈ B} is CP in X. (11)
By (1), (2) and (7), it is easy to see that W(B) is a neighborhood base of B in X. This
completes the proof. 2
Remark 13. Taking it into account that property (P) is hereditary with respect to open
subspaces, we can say the following which is needed in the proof of the next theorem:
Let X, {X(n)} and B be the same as above except for that X is an open subspace of an
M3-space Y with property (P). Then there exists a collection {W(B): B ∈ B} of families
of X satisfying the same (i) and (ii) as above.
Lemma 14. Let Z be an open subspace of an M3-space X with property (P). Let B be a
CP family of closed subsets of the subspace Z− and {O(B): B ∈ B} a family of subsets of
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Z− such thatO(B) is open in Z− and B ⊂O(B) for each B ∈ B. Let V be a disjoint open
cover of Z. Then there exists a family {W(B): B ∈ B} of Z− satisfying the following:
(i) {W(B): B ∈ B} is a CP family of regular closed subsets of Z−;
(ii) for each B ∈ B, W(B) ∩ ∂Z ⊂O(B)∩ ∂Z and
B ⊂W(B)⊂ St(O(B),V).
Proof. By Lemma 9, there exists the L3-extension {W(B ∩ ∂Z): B ∈ B} of B|∂Z to Z−
in X, which satisfies the following:
W =
⋃{W(B ∩ ∂Z): B ∈ B} is a CP family of closed subsets of Z− and
for each W ∈W, (IntW)− ∩ ∂Z =W ∩ ∂Z; (1)
if B ⊂U ∈ τ (X), B ∈ B, then W ⊂U for some W ∈W(B ∩ ∂Z). (2)
For each B ∈ B, by (2) we take W1(B) ∈W(B ∩ ∂Z) such that W1(B) ⊂O(B). By (1)
and CP-ness of B, we see that{
G(B)= B ∪W1(B): B ∈ B
}
is a CP family of closed subsets of Z−. Thus, by Fact 5 there exists a σ -closed-discrete
subset D of Z− such that for each B ∈ B
G(B)= (G(B)∩D)−.
Let D =⋃{Dn: n ∈ N}, where each Dn is a discrete and closed subset of Z−. For each
p ∈Dn ∩Z, n ∈N, we take an open neighborhoodO(p) of p in X such that
p ∈O(p)⊂O(p)− ⊂ S({p}, n)∩ V (p), (3)
where V (p) is the unique member of V with p ∈ V (p). Moreover, we can assume that{
O(p): p ∈Dn ∩Z
}
is discrete in Z−. (4)
For each B ∈ B, we define W(B) as follows:
W(B)=G(B) ∪
(⋃{
O(p)−: p ∈D ∩G(B) ∩Z}).
Then it is easy to see that {W(B): B ∈ B} has the required properties. 2
3. The main result
Theorem 15. If X is an M3-space with property (P), then X is an M1-space such that
every closed subset of X has a CP open neighborhood base in X.
Proof. Let X be an M3-space with property (P). Then it suffices to show that every
closed subset of X has a CP neighborhood base whose members are regular closed in
X [2, Remark 2.7]. Let M be a closed subset of X. By Fact 1, there exists a CP closed
neighborhood base B of M in X. By Fact 4, there exists the tile F on B such that
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F =⋃{F(n): n ∈ N}, where each F(n) is a discrete family of closed subsets of X. For
each n, let
X′(1)=
⋃
F(1),
X′(n+ 1)=
⋃
F(n+ 1)\(X′(1)∪ · · · ∪X′(n)),
Z(n)= IntX′(n)
and let
Z =
⋃{
Z(n): n ∈N}, Y =X\Z− and X(n)=X′(n) ∩ Y.
Then {X(n): n ∈ N} is the special partition of the open subspace Y (see Lemma 12).
We apply the Remark 13 to a CP family B|Y of closed subsets of Y . Then there exists a
collection {W(B ∩ Y ): B ∈ B} of families of Y satisfying the following:⋃{W(B ∩ Y ): B ∈ B} is a CP family of regular closed subsets of Y ; (1)
for each B ∈ B, if B ∩ Y ⊂U ∈ τ (X), then there exists
W ∈W(B ∩ Y ) such that B ∩ Y ⊂ IntW ⊂W ⊂U. (2)
Moreover without loss of generality we can assume the following:
For each B ∈ B,
(⋃
W(B ∩ Y )
)
∩ T (X\B)− = ∅, (3)
where T is the L1-operator with respect to Z− in X. Let ∆ be the totality of pairs δ =
(B1,B2) of members of B such that B1 ⊂ IntB2. By Lemma 14, for each δ = (B1,B2) ∈
∆, there exists a subset W(δ) of the subspace Z− satisfying the following:{
W(δ): δ ∈∆} is CP in Z−; (4)
for each δ = (B1,B2) ∈∆, W(δ) is a regular closed subset of Z−
such that B1 ∩Z− ⊂W(δ)⊂ St(IntB2,V), (5)
where V = F |Z is a disjoint open cover of Z. Note that the last inclusion relation implies
W(δ)⊂ B2. For each pair δ = (B1,B2) ∈∆, define
W(δ)= {W ∪W(δ): W ∈W(B1 ∩ Y )}.
By the statements (1)–(5), it is easy to see that {W(δ): δ ∈∆} has the following properties:
W =
⋃{W(δ): δ ∈∆} is a CP family of
regular closed neighborhoods of M in X; (6)
if M ⊂O ∈ τ (X), then there exists δ ∈∆ and W ∈W(δ)
such that M ⊂ IntW ⊂W ⊂O. (7)
Hence we have obtained a CP neighborhood base ofM consisting of regular closed subsets
of X. This completes the proof. 2
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Theorem 16. A k-M3-space has property (P), and therefore a k-M3-space is M1.
Proof. Note that for an M3-space both k-ness and sequentialness are equivalent, because
every compact subset of an M3-space is metrizable [5, Theorem 2.13]. So, it suffices
to show that a sequential M3-space has property (P). Since every closed subspace of a
sequential M3-space is also sequential M3, it suffices to show the following: For a closed
nowhere dense subset of M of a sequential M3-space X and any point p ∈M , there exists
a CP family G(p) of closed subsets of X that acts as a local net at the point p in X and that
has (G\M)− =G for each G ∈ G(p).
For contradiction, suppose that there exists a point p ∈ M for which there is no CP
family G(p) of the type as described above. We show that M cannot be nowhere dense in
X, and that contradiction completes the proof.
We say that point x ∈ X “has G(x)” provided G(x) is a CP family of closed subsets of
X such that G(x) acts as a local net at x and for each G ∈ G(x) we have (G\M)− =G. If
no such family exists, we say that x does not have G(x).
Claim 1. Suppose that x ∈X does not have G(x) and that {z(m): m ∈N} is any sequence
of points of X that converges to x . Then for some m, n > m implies that z(m) does not
have G(z(m)).
Proof. Suppose that the claim is false. Then for some {z(n): n ∈N} converging to x , there
is an infinite subset N ′ ⊂ N such that for each n ∈ N ′, z(n) has G(z(n)). Using the given
sequence {z(n)} that converges to x , by replacing N ′ by an infinite subset N ′ if necessary,
we may assume that for each n ∈N ′, we have{
z(m): m> n, m ∈N}⊂ S({x}, n)
and ⋃
G(z(n))⊂ S({x}, n).
Set
∆(n)=
∏{G(z(k)): k > n, k ∈N ′}, n ∈N ′,
and for each δ = 〈G(z(k))〉 ∈∆(n), set
G(δ)=
(⋃{
G
(
z(k)
)
: k > n
})−
.
Letting
G(n)= {G(δ): δ ∈∆(n)}, n ∈N ′,
we define the family G(x) as
G(x)=
⋃{G(n): n ∈N ′}.
Then, as easily seen, G(x) is a family of closed subsets of X that acts as a local net at x
in X and having (G\M)− = G for each G ∈ G(x). We show that G(x) is CP in X. Let
G0 ⊂ G(x) and suppose
y ∈X∖(⋃G0).
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Since x 6= y , there exists k ∈ N ′ such that y /∈ S({x}, k)−. Let G0 =⋃{G0(n): n ∈ N ′},
where G0(n)⊂ Gn for each n ∈N ′. If we note that⋃{G(z(t)): t > k, t ∈N ′}⊂ S({x}, k)
and that⋃{G(z(t)): t < k, t ∈N ′}
is CP in X, then it is easy to find a neighborhoodO of y in X such that
O ∩
(⋃
G0
)
= ∅,
which proves y /∈ (⋃G0)−. Hence G(x) is CP in X. But this contradicts the key property
of x as discribed in Claim 1. Thus Claim 1 holds. 2
Now, let T0 = {p}. Apply Claim 2 to the point p to show that for each sequence
{z(m): m ∈ N} of points of X converging to p there is n ∈ N beyond which no term
z(m) of the sequence has G(z(m)). Let {Zα : α ∈ A(1)} be the totality of sequences
Zα = {zα(n): n ∈ N} in X that converges to p and have the property that no term zα(n)
has G(zα(n)). Let
T1 =
⋃{
Zα : α ∈A(1)
}∪ T0.
Suppose n> 1 and we have defined the set Tn. Let {Zα: α ∈ A(n+ 1)} be the totality of
sequences Zα = {zα(n): n ∈N} in X that converges to a point of Tn and have the property
that no term zα(n) of Zα has G(zα(n)). Define
Tn+1 =
⋃{
Zα: α ∈A(n+ 1)
}∪ Tn.
With Tn defined recursively in this manner, let T =⋃{Tn: n> 0}.
Claim 2. T is sequentially open in X.
Proof. For suppose that {y(n): n ∈ N} is a sequence of points of X that converges to
some point q ∈ T . Then q ∈ Tj for some j . According to Claim 1, there is m ∈ N
such that for each n > m, the point y(n) does not have G(y(n)). Hence the sequence
Z = {y(m + k): k ∈ N} is one of the sequences Zα for some α ∈ A(j + 1) so that
Z ⊂ T (j + 1)⊂ T . Hence T is sequentially open in X. 2
Because X is sequential, we conclude that T is an open subset of X.
Claim 3. T ⊂M .
Proof. This claim follows easily from the observation that if y ∈X\M , y has a CP closed
local net G consisting of sets that entirely miss the closed set M . Then for each G ∈ G, we
certainly have (G\M)− =G. 2
We have a contradiction to the original observation that M is closed and nowhere dense
in Y . This completes the proof. 2
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